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Abstract
Topologically massive Yang-Mills theory is studied in the framework of geometric quantiza-
tion. Since this theory has a mass gap proportional to the topological mass m, Yang-Mills con-
tribution decays exponentially at very large distances compared to 1/m, leaving a pure Chern-
Simons theory with level number k. In this paper, the near Chern-Simons limit is studied where
the distance is large enough to give an almost topological theory, with a small contribution from
the Yang-Mills term. It is shown that this almost topological theory consists of two copies of
Chern-Simons with level number k/2, very similar to the Chern-Simons splitting of topolog-
ically massive AdS gravity. Also, gauge invariance of these half-Chern-Simons theories is
discussed. As m approaches to infinity, the split parts add up to give the original Chern-Simons
term with level k. Reduction of the phase space is discussed in this limit. Finally, a relation
between the observables of topologically massive Yang-Mills theory and Chern-Simons theory
is shown. One of the two split Chern-Simons pieces is shown to be associated with Wilson
loops while the other with ’t Hooft loops. This allows one to use skein relations to calculate
topologically massive Yang-Mills theory observables in the near Chern-Simons limit.
1 Introduction
Chern-Simons(CS) theory has been extensively studied and is a very important part of mathematical
physics, mostly because of its connection with the link invariants of knot theory. This was first
demonstrated by Witten [1] using 2D conformal field theories related to CS theory. Witten showed
that Wilson loop expectation values(WLEV) of CS theory are given by link invariant polynomials
which can be recursively calculated from skein relations. Later, Cotta-Ramusino et al. [2] derived
skein relations for CS theory using only 3D field theory techniques. No matter what method is
used, one crucial requirement for relating WLEV to link invariants is that the action must be metric
free. Thus, it is not possible to do this with a Yang-Mills(YM) action. The main goal of this paper
is to find out how CS link invariants are modified with the presence of a YM term at large but finite
distances, where the metric contribution is very small, hence the theory is almost topological.
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2 CHERN-SIMONS THEORY
It is well known that adding a CS term to YM action in 2+1 dimensions gives mass to gauge
bosons [3]. A considerable amount of work on topologically massive Yang-Mills(TMYM) theory
was done by Deser, Jackiw and Templeton [4–6] in the early 80s and some of the later work can
be found in refs. 7–17. Despite TMYM theory is more complicated than CS theory, there are
surprising similarities between these theories, partly because conjugate momenta of both theories
are given by gauge fields. An interesting example that shows the similarity of these two theories
is the classical equivalence, first observed by Lemes et al [18, 19]. This equivalence shows that
classically it is possible to write the TMYM action as a pure CS action via a non-linear redefinition
of the gauge fields. The Jacobian of this redefinition is 1 up to first order in the inverse topological
mass expansion. Thus, at least for a large topological mass, one would expect that it might be pos-
sible to extend this equivalence to quantum level, but we will show that phase space geometry does
not allow this. Instead, we will obtain a more complicated equivalence between the observables of
both theories at large but finite distances.
Since pure Yang-Mills theory in 2+1 dimensions has a mass gap [20], the theory is trivial at
very large distances. However, in TMYM theory that is not the case. The mass gap of this theory is
proportional to the topological massm [15]. Studying large values of topological mass is equivalent
to scaling up the metric or looking at large distances. In this paper, we study the theory at large but
finite distances by neglecting the second and higher order terms in 1/m, while keeping the first.
This leads to an almost topological theory with a small contribution from YM, which allows us
to write TMYM observables in terms of WLEVs of CS theory. This means that, not only in the
pure CS limit but also in the near CS limit, one only needs skein relations to calculate TMYM
observables.
To show how the observables of CS and TMYM theories are related, we will start by reviewing
Bos and Nair’s work [21] on geometric quantization of CS theory in section 2. In section 3, we will
briefly discuss the Wilson loops of CS theory. In section 4, we will use similar methods on TMYM
theory to find the wave functional and the gauge invariant integral measure. Section 5 is a short
discussion on topologically massive AdS gravity, which exhibits an interesting behavior analogous
to our result. Then in section 6, we discuss the link invariants of TMYM theory.
2 Chern-Simons Theory
In this section, we would like to review the geometric quantization of non-Abelian CS theory,
following Bos and Nair’s work [21, 22]1. Later, we will do a similar analysis on TMYM theory.
The CS action is given by
SCS = − k
4pi
∫
Σ×[ti,tf ]
d3x µνα Tr
(
Aµ∂νAα +
2
3
AµAνAα
)
(2.1)
where Σ is an orientable two dimensional surface. This action is classically not gauge invariant,
but in the quantum theory it can be made gauge invariant by restricting k to be an integer. The
equations of motion for this theory are
Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ] = 0. (2.2)
1Another comprehensive discussion on this subject can be found in ref. 23
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Here, Aµ = −iAaµta where ta are matrix representatives of the Lie algebra [ta, tb] = ifabctc and
in the fundamental representation they are normalized as Tr(tatb) = 1
2
δab. In the temporal gauge
A0 = 0 with Az = 12(A1 + iA2) and Az¯ =
1
2
(A1 − iA2), the CS action becomes
SCS = − ik
2pi
∫
dtdµΣ Tr(Az¯∂0Az − Az∂0Az¯). (2.3)
The equations of motion in this gauge makes Az and Az¯ time independent along with constraining
Fzz¯ = 0. A very important feature is that the conjugate momenta are given by the gauge fields,
Πaz =
ik
4pi
Aaz¯ and Π
az¯ = − ik
4pi
Aaz . (2.4)
Later, we will see a similar behavior in TMYM theory which is crucial for our work.
The symplectic two-form of CS theory is given by
Ω =
ik
2pi
∫
Σ
δAaz¯δA
a
z . (2.5)
In simply connected spaces it is possible to parametrize the gauge fields as
Az¯ = −∂z¯UU−1 and Az = U †−1∂zU †. (2.6)
Here, U is a complex SL(N,C) matrix which transforms like U g = gU where g ∈ G and G is the
gauge group. We will continue with taking G = SU(N). U is given by
U(x, 0, C) = Pexp
− ∫ x
0
C
(Az¯dz¯ +Azdz)
 , (2.7)
whereAz satisfies ∂zAz¯−∂z¯Az +[Az, Az¯] = 0 and this flatness condition makes U invariant under
small deformations of the path C on Σ. From (2.7), it follows that
Az = −∂zUU−1 and Az¯ = U †−1∂z¯U †. (2.8)
2.1 The Wave-Functional
We choose the Ka¨hler polarization which makes the quantum wave-functional ψ only Az¯ de-
pendent. The pre-quantum and quantum wave-functionals can then be related by Φ[Az, Az¯] =
e−
1
2
Kψ[Az¯], where K = k2pi
∫
Σ
Aaz¯A
a
z is the Ka¨hler potential. Since the phase space is Ka¨hler, the
pre-quantum inner product can be retained at the quantum level [22]2 as,
〈1|2〉 =
∫
dµ(M)Φ∗1Φ2 →
∫
dµ(M)e−Kψ∗1ψ2 (2.9)
where dµ(M) is the Liouville measure defined by the symplectic two-form.
2A detailed discussion on geometric quantization can be found in ref. 24
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Upon quantization we can write,
Aazψ[A
a
z¯ ] =
2pi
k
δ
δAaz¯
ψ[Aaz¯ ]. (2.10)
Since no currents are present, the wave-functional must satisfy the constraint Fzz¯ψ[Az¯] = 0,
which is the Gauss’ law of CS theory. We then make an infinitesimal gauge transformation on the
wave-functional ψ with parameter ,
δψ[Az¯] =
∫
d2z δA
a
z¯
δψ
δAaz¯
=
∫
d2z a
(
∂z¯
δ
δAaz¯
+ ifabcAbz¯
δ
δAcz¯
)
ψ
=− k
2pi
∫
d2z a(F azz¯ − ∂zAaz¯)ψ.
(2.11)
Then applying the Gauss’ Law constraint Fzz¯ψ[Az¯] = 0 gives
δψ[Az¯] =
k
2pi
∫
d2z a∂zA
a
z¯ψ[Az¯]. (2.12)
This condition is solved by writing [25, 26]
ψ[Az¯] = exp
(
kSWZW (U)
)
(2.13)
where SWZW (U) is the Wess-Zumino-Witten action, given by
SWZW (U) =
1
2pi
∫
Σ
d2z Tr ∂zU∂z¯U
−1 − i
12pi
∫
V
d3x µνσ Tr U−1∂µUU−1∂νUU−1∂σU. (2.14)
In general, the wave-functional in (2.13) can have a gauge invariant factor χ which can be found
by solving the Schrodinger’s equation Hψ = Eψ. But since the CS Hamiltonian for ground state
is zero in the temporal gauge, we take χ = 1. Generally for these type of gauge theories, the
wave-functional is in the form ψ = φχ where φ is the part that satisfies the Gauss’ law constraint
and χ is necessary to satisfy the Schrodinger’s equation. Usually, χ is where the scale dependence
is hidden. Thus, for a topological theory like CS, a constant χ is expected.
2.2 The Measure
Using the symplectic two-form of CS theory (2.5) we can write the metric onA , the space of gauge
potentials [27] as
ds2A =
∫
d2x δAai δA
a
i = −8
∫
Tr(δAz¯δAz)
=8
∫
Tr[Dz¯(δUU
−1)Dz(U †−1δU †)].
(2.15)
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Since Cartan-Killing metric for SL(N,C) is
ds2SL(N,C) = 8
∫
Tr[(δUU−1)(U †−1δU †)], (2.16)
the volumes of these two spaces are related by
dµ(A ) = det(Dz¯Dz)dµ(U,U
†). (2.17)
This measure is not gauge invariant. To make it invariant, we may define a new matrix H = U †U
which is an element of the coset SL(N,C)/SU(N). Now, we can write
dµ(A ) = det(Dz¯Dz)dµ(H). (2.18)
The determinant is
det(Dz¯Dz) = constant× e2cASWZW (H) (2.19)
where cA is the quadratic Casimir in the adjoint representation given by cAδab = famnf bmn. As
shown in ref. 22, the determinant is regulated using point splitting and an additional counter term
was added to ensure gauge invariance. With this, the Polyakov-Wiegmann(PW) [25, 26] identity is
satisfied under group action on H .
Now that we have the measure and the wave functional, we can write the inner product
〈ψ1|ψ2〉 =
∫
dµ(A ) e−K ψ∗1ψ2. (2.20)
Using the PW identity we get,
e−Kψ∗ψ = ekSWZW (H). (2.21)
Then the inner product for ψ becomes
〈ψ|ψ〉 =
∫
dµ(H) e(2cA+k)SWZW (H). (2.22)
The Σ = S1 × S1 Case
If the space is not simply connected, the parametrization we used in (2.6) needs modification. On
a torus, as discussed in refs. 21, 22, the correct parametrization is
Az¯ = −∂z¯UU−1 + Uipi(Im τ)−1aU−1, (2.23)
where τ is the modular parameter of the torus and a is a constant gauge field. The new term
can be absorbed in a matrix as V = U exp[ipi(Im τ)−1(z − z¯)a] and then Az¯ can be once again
parametrized in the form −∂z¯V V −1. But this gives rise to a new factor in the wave-functional
which depends on a. Now the wave-functional is
ψ[Az¯] = exp
(
kSWZW (V )
)
Υ(a). (2.24)
Finding this new factor is not straightforward and we will not review its calculation here, but the
result can be found in ref. 21.
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3 Wilson Loops in Chern-Simons Theory
The Wilson loop operator for representation R and path C is given by
WR(C) = TrR P e
− ∮
c
Aµdxµ
. (3.1)
As shown in ref. 1, in CS theory, the expectation value of this operator can be calculated directly
from skein relations without using field theory techniques. Up to some approximation, a general-
ized skein relation can be obtained [2] for WLEVs in the fundamental representation, as
β〈WL+〉 − β−1〈WL−〉 = z(β)〈WL0〉 (3.2)
where
β = 1− i2pi
k
1
2N
+O
(
1
k2
)
and z = −i2pi
k
+O
(
1
k2
)
(3.3)
and the knot diagrams are shown in fig. 1.
V (L )V (L+) V (L0)
Figure 1: Knot diagrams
In the temporal gauge with complex coordinates and in representation R, (3.1) becomes
WR(C) = TrR P e
− ∮
c
(Azdz+Az¯dz¯)
. (3.4)
Since Az is the derivative with respect to Az¯ and it acts on everything on its right, expanding this
path ordered exponential leads to a very difficult calculation. To avoid this, instead of using the
usual definition of the Wilson loop, we would like to use a Wilson loop-like observable defined as
WR(C) = TrR P e
− ∮
c
(Azdz+Az¯dz¯)
= TrR U(x, x, C), (3.5)
where Az is given by ∂zAz¯ − ∂z¯Az + [Az, Az¯] = 0. Since Fzz¯ = 0 from the Gauss’ law, replacing
Az withAz does not change the general properties of the Wilson loop when evaluated on states that
live on the constraint hyper-surface. But U is defined to be path independent, so it seems like skein
relations are trivially satisfied. However, this is not true since the path independence is only on Σ,
because we are forcing flatness only on the zz¯ component of the curvature. So, one is allowed to
make small deformations in the time direction, piercing Σ to get skein relations.
In the previous section, we have shown that the theory is given by the action SWZW (H), thus
we can use gauge invariant WZW currents Jz¯ = −∂z¯HH−1 and Jz = H−1∂zH to write gauge
6
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invariant observables similar to Wilson loops [28]. The gauge fields in WR(C) can be written as
SL(N,C) transformed WZW currents,
Az¯ =− ∂z¯UU−1 = U †−1Jz¯U † + U †−1∂z¯U †,
Az =− ∂zUU−1 = U †−1JzU † + U †−1∂zU †.
(3.6)
Thus, we can writeW in terms of H
WR(C,H) = TrR P e
∮
c
(∂zHH−1dz+∂z¯HH−1dz¯)
. (3.7)
The expectation value ofW is given by
〈WR(C)〉 =
∫
dµ(H) e(2ca+k)SWZW (H)WR(C,H). (3.8)
4 Topologically Massive Yang-Mills Theory
TMYM action is given by
STMYM =SCS + SYM
=− k
4pi
∫
Σ×[ti,tf ]
d3x µνα Tr
(
Aµ∂νAα +
2
3
AµAνAα
)
− k
4pi
1
4m
∫
Σ×[ti,tf ]
d3x Tr FµνF
µν .
(4.1)
Here m is called the topological mass. Our definition of topological mass differs by a factor k
4pi
compared to the literature. We made this choice so that studying different values of k does not
change the balance of the theory in either pure YM or pure CS direction. That is decided only by
the value of m. With this choice of constants, the equations of motion are k free, as
µαβFαβ +
1
m
DνF
µν = 0 (4.2)
where Dµ• = ∂µ •+[Aµ, •]. To simplify the notation, we define
A˜µ = Aµ +
1
2m
µαβF
αβ. (4.3)
Here, A˜ is not a field redefinition. It is just a shorthand notation to make equations easy to compare
with pure CS theory. From (4.3), it can be seen that A˜µ transforms like a gauge field since Fαβ
is gauge covariant. For future convenience, using A˜µ as a connection, we define a new covariant
derivative D˜µ• = ∂µ •+[A˜µ, •].
Using complex coordinates and temporal gauge, the conjugate momenta are given by A˜,
Πaz =
ik
4pi
A˜az¯ and Π
az¯ = − ik
4pi
A˜az , (4.4)
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with
A˜z = Az + Ez and A˜z¯ = Az¯ + Ez¯ (4.5)
and where
Ez =
i
2m
F 0z¯ and Ez¯ = − i
2m
F 0z. (4.6)
The conjugate momenta of TMYM theory transform like gauge fields and this feature gives the
theory a CS-like behavior in some sense. Thus, we will be able to borrow many of the features of
CS theory in the following analysis.
The symplectic two-form for this theory is
Ω =
ik
4pi
∫
Σ
(δA˜az¯δA
a
z + δA
a
z¯δA˜
a
z)
=
ik
4pi
∫
Σ
(2δAaz¯δA
a
z + δE
a
z¯ δA
a
z + δA
a
z¯δE
a
z ).
(4.7)
From this equation, it can be seen that the TMYM phase space consists of two CS-like parts. This
can be seen more clearly under a coordinate transformation. Instead of using Az and Az¯, we could
use Bz = 12(A1 + iA˜2), Cz =
1
2
(A˜1 + iA2) and their complex conjugates. This would allow us to
write Ω in the form δBzδBz¯ + δCzδCz¯. Thus, the phase space of TMYM theory can be written as
two CS phase spaces.
4.1 The Wave-Functional
We choose the Ka¨hler polarization that makes ψ only Az¯ and A˜z¯ dependent. The pre-quantum
wave-functional is Φ[Az, Az¯, A˜z, A˜z¯] = e−
1
2
Kψ[Az¯, A˜z¯], where K = k4pi
∫
Σ
(A˜az¯A
a
z + A
a
z¯A˜
a
z) is the
Ka¨hler potential. Now, we can write
Aazψ =
4pi
k
δ
δA˜az¯
ψ and A˜azψ =
4pi
k
δ
δAaz¯
ψ. (4.8)
We make an infinitesimal gauge transformation on ψ as
δψ[Az¯, A˜z¯] =
∫
d2z
(
δA
a
z¯
δψ
δAaz¯
+ δA˜
a
z¯
δψ
δA˜az¯
)
. (4.9)
Using (4.8) and δAaz¯ = Dz¯
a, δA˜az¯ = D˜z¯
a, we get
δψ =
∫
d2z a
(
D˜z¯
δ
δA˜az¯
+Dz¯
δ
δAaz¯
)
ψ
=
k
4pi
∫
d2z a
(
∂zA˜
a
z¯ + ∂zA
a
z¯ − 2Fzz¯ −DzEz¯ +Dz¯Ez
)
ψ
(4.10)
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The generator of infinitesimal gauge transformations for this theory is
Ga =
ik
4pi
(2Fzz¯ +DzEz¯ −Dz¯Ez) (4.11)
whileGa = ik
2pi
Fzz¯ being the generator for the pure CS theory as E-fields go to zero. After applying
the Gauss’ law Gaψ = 0, δψ becomes
δψ =
k
4pi
∫
d2z a
(
∂zA˜
a
z¯ + ∂zA
a
z¯
)
ψ. (4.12)
This equation is similar to (2.12). As they transform identically, A˜ can be parametrized the same
way as A, using a different SL(N,C) matrix U˜ ,
A˜z¯ = −∂z¯U˜ U˜−1 and A˜z = U˜ †−1∂zU˜ †. (4.13)
The solution for the condition (4.12) is
ψ[Az¯, A˜z¯] = exp
[
k
2
(
SWZW (U˜) + SWZW (U)
)]
χ (4.14)
where χ is the gauge invariant part of ψ that is required to satisfy the Schrodinger’s equation. Notice
that (4.14) reduces to CS wave-functional (2.13) as expected, when topological mass approaches
infinity, which is equivalent to dropping the tilde symbol. χ should be equal to one in this limit.
To understand the role of the new U˜ matrix, we can relate it to U by rewriting (4.5) as
∂z¯U˜ U˜
−1 = ∂z¯UU−1 +
i
2m
F 0z. (4.15)
It turns out that U˜ is well behaved and solvable. Using the assumption U˜ = UM , we can solve
(4.15) for M , viz;
M(z, z¯) = Pexp
(
i
2m
∫ z¯
0
F0wdw¯
)
. (4.16)
Here F0z = U−1F 0zU and it is gauge invariant.
With this new gauge invariant matrix M , the electric field components can be written as
Ez = U
†−1M †−1∂zM †U † and Ez¯ = −U∂z¯MM−1U−1. (4.17)
The Hamiltonian
With no charges present, the Hamiltonian gets no contribution from the CS term in the temporal
gauge. With α = 4pi
k
, B = ik
2pi
F zz¯ and using Euclidean metric, the Hamiltonian is
H = m
2α
(Eaz¯E
a
z + E
a
zE
a
z¯ ) +
α
m
BaBa. (4.18)
9
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Using (4.8) we get
Eaz (x)E
b
z¯(x
′)ψ = α
(
δ
δAaz¯(x)
− δ
δA˜az¯(x)
)
(A˜bz¯(x
′)− Abz¯(x′))ψ, (4.19)
which gives the commutator
[Eaz (x), E
b
z¯(x
′)] = −2α δabδ(2)(x− x′). (4.20)
Here, Eaz can be interpreted as an annihilation operator and E
b
z¯ as a creation operator [14]. To get
rid of the infinity, the Hamiltonian has to be normal ordered as
H = m
α
Eaz¯E
a
z +
α
m
BaBa. (4.21)
To simplify the notation we define
φ = exp
[
k
2
(
SWZW (U˜) + SWZW (U)
)]
, (4.22)
hence ψ = φχ. Derivatives of φ give the gauge field A defined in (2.8) and its tilde version [22],
A˜azφ =
4pi
k
δφ
δAaz¯
= Aazφ and Aazφ =
4pi
k
δφ
δA˜az¯
= A˜azφ. (4.23)
The holomorphic component of the E-field acting on ψ is
Eazψ =
4pi
k
(
δφ
δAaz¯
− δφ
δA˜az¯
)
χ+
4pi
k
(
δχ
δAaz¯
− δχ
δA˜az¯
)
φ. (4.24)
With defining Ez = A˜z −Az = −U∂zMM−1U−1, we can write
Eazψ = −Eazψ +
4pi
k
(
δχ
δAaz¯
− δχ
δA˜az¯
)
φ. (4.25)
The magnetic field acting on ψ is
F azz¯ψ =(∂zA
a
z¯ −Dz¯Aaz)ψ
=Dz¯(Aaz − Aaz)ψ
=Dz¯
(
−Eazψ −
4pi
k
δχ
δA˜az¯
φ
)
.
(4.26)
The vacuum wave-functional is given byHψ0 = 0, or
Eaz¯E
a
zψ0 +
1
64m2
F azz¯F
a
zz¯ψ0 = 0. (4.27)
10
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The first term in (4.27) is second order in 1/m, while the Gauss’ law forces the second term to be
fourth order. We will continue our analysis with finite large values of m where the potential energy
term is negligible. Then, Eaz annihilates the vacuum, E
a
zψ0 = 0. This condition is solved by writing
χ0 =exp
− k
8pi
∫
Σ
(A˜az¯ − Aaz¯)Eaz
 = exp
− k
8pi
∫
Σ
Eaz¯Eaz
 . (4.28)
This solution is gauge invariant as required. In terms of SL(N,C) matrices, it is a function of just
the gauge invariant matrix M , which was defined in (4.16),
χ0 = exp
 k
4pi
∫
Σ
Tr(Ez¯Ez)
 = exp
− k
4pi
∫
Σ
Tr(∂z¯MM
−1∂zMM−1)
 . (4.29)
4.2 The Measure
Using the symplectic two-form (4.7) we write the metric
ds2A =− 4
∫
Tr(δA˜z¯δAz + δAz¯δA˜z)
= 4
∫
Tr[D˜z¯(δU˜U˜
−1)Dz(U †−1δU †) +Dz¯(δUU−1)D˜z(U˜ †−1δU˜ †)].
(4.30)
Similar to the analysis in subsection 2.2, the gauge invariant measure for this case is
dµ(A ) = det(D˜z¯Dz)det(Dz¯D˜z)dµ(U˜
†U)dµ(U †U˜) (4.31)
where, for a certain choice of local counter terms (
∫
Tr(A˜z¯Az + A˜zAz¯)),
det(D˜z¯Dz)det(Dz¯D˜z) = constant× e2cA
(
SWZW (U˜
†U)+SWZW (U†U˜)
)
. (4.32)
To simplify the notation we define a new matrix N = U˜ †U . Since U˜ transforms like U , N is gauge
invariant. With this definition the measure becomes
dµ(A ) = constant× e2cA
(
SWZW (N)+SWZW (N
†)
)
dµ(N)dµ(N †). (4.33)
To find the inner product, using PW identity we write
e−KTMYMψ∗TMYMψTMYM = e
k
2
(
SWZW (N)+SWZW (N
†)
)
χ∗0χ0 (4.34)
and from (4.28) χ∗0χ0 (for large m) is
χ∗0χ0 = exp
− k
8pi
∫
Σ
(EazEaz¯ + Eaz¯Eaz )
 . (4.35)
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Then the inner product for the vacuum state is
〈ψ0|ψ0〉 =
∫
dµ(N)dµ(N †) e(2cA+
k
2
)
(
SWZW (N)+SWZW (N
†)
)
e−
k
8pi
∫
(Eaz Eaz¯+Eaz¯ Eaz ). (4.36)
Since χ∗0χ0 = 1 + O(1/m2), we can neglect the second and higher order contributions at large
scales compared to 1/m, which leads to an almost topological theory in the near CS limit as
〈ψ0|ψ0〉TMYMk≈
∫
dµ(N)dµ(N †) e(2cA+
k
2
)
(
SWZW (N)+SWZW (N
†)
)
= 〈ψ|ψ〉2CSk/2 . (4.37)
Here the label TMYMk means that the inner product is calculated for TMYM theory with CS level
number k. Similarly, CSk/2 means the inner product is calculated for pure CS theory with level
k/2. On the pure CS side, it is important to make this replacement of the level number to make the
equivalence work. These two half-CS theories are not separately gauge invariant for odd values of
k, but the sum of the two is. Each piece transforms as 1
2
SCS(A
g) → 1
2
SCS(A) + pikω(g) where
ω(g) is the winding number. Then, the sum of the two will bring an extra 2pikω(g) that will not
change the value of the path integral, even for odd values of k. In other words, any integer value
of k is sufficient to make the left hand side of (4.37) gauge invariant. But if one wants to make the
two split CS parts separately gauge invariant on the right hand side of (4.37), even values of k must
be chosen.
This equivalence at large distances (d > 1/m) comes from the fact that the phase space of
TMYM theory is a direct sum of two CS-like phase spaces. Thus, the classical equivalence dis-
cussed in refs. 18, 19, 29 does not work at the quantum level as it is, because of different phase
space dimensionality of two theories.
In (4.31), gauge invariance can be obtained in a different way by choosing other counter terms.
Choosing
∫
Tr(Az¯Az + A˜zA˜z¯) leads to
dµ(A ) = constant× e2cA
(
SWZW (H)+SWZW (H˜)
)
dµ(H)dµ(H˜). (4.38)
With this option e−Kψ∗ψ part differs by e−
∫
E2 = 1 +O(1/m2) and the inner product can still be
written in the form
〈ψ0|ψ0〉TMYMk≈
∫
dµ(H)dµ(H˜) e(2cA+
k
2
)
(
SWZW (H)+SWZW (H˜)
)
= 〈ψ|ψ〉2CSk/2 . (4.39)
Thus, the CS splitting can still be observed in the near CS limit. Just like N and N †, H and H˜ are
elements of SL(N,C)/SU(N). However, the N , N † choice seems to be more natural than H , H˜
because tilde and non-tilde variables are mixed in (4.7).
5 Topologically Massive Gravity
There is an analogous CS splitting in topologically massive AdS gravity that can be seen clearly in
refs. 30–32. For a dynamical metric γµν , this model has the action
S =
∫
d3x
[
−√−γ(R− 2Λ) + 1
2µ
µνρ
(
Γαµβ∂νΓ
β
ρα +
2
3
ΓαµγΓ
γ
νβΓ
β
ρα
)]
. (5.1)
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With defining
A±µab[e] = ωµab[e]± abceµc (5.2)
where eµa is the dreibein and ωµab[e] is the torsion-free spin connection, the action (5.1) can be
written as
S[e] = −1
2
(
1− 1
µ
)
SCS
[
A+[e]
]
+
1
2
(
1 +
1
µ
)
SCS
[
A−[e]
]
(5.3)
where
SCS[A] =
1
2
∫
µνρ
(
Aµ
a
b∂νAρ
b
a +
2
3
Aµ
a
cAν
c
bAρ
b
a
)
. (5.4)
For our interests, the main difference between this gravity model and TMYM theory is that the
latter has a mass gap, therefore it has a CS like behavior only at large distances. Thus, TMYM
theory is analogous to this model only in the near CS limit. In this analogy, small µ corresponds
to large m. In the near CS limit, the gravity theory splits into two CS parts that are added together,
each with half the level, similar to what we have observed for TMYM theory.
6 Wilson Loops in Topologically Massive Yang-Mills Theory
With the new gauge field A˜, we would like to define a new loop operator
TR(C) = TrR P e
− ∮
c
A˜µdxµ
. (6.1)
Just as the traditional Wilson loop, this operator is gauge invariant and it is an observable of the
theory. To make a physical interpretation of this loop, we will check to see if it satisfies a ’t Hooft-
like algebra with the Wilson loop. To simplify the calculation, we will look at the abelian case with
the following loops that live on Σ
W (C) = e
i
∮
c
(Azdz+Az¯dz¯)
and T (C) = e
i
∮
c
(A˜zdz+A˜z¯dz¯)
. (6.2)
For the abelian case, the canonical relations differ from (4.8) by a factor of 2. Then two loop
operators satisfy a ’t Hooft-like algebra
T (C1)W (C2) = e
2pii
k
l(C1,C2)W (C2)T (C1), (6.3)
where l(C1, C2) is the intersection number of C1 and C2 , which can only take values 0,±1. We
cannot get a Dirac-like quantization condition since k appears in the denominator and we want it
to be a large integer to make the skein relations work. Therefore, the only option to make these
operators commute is to have l(C1, C2) = 0 thus, two loops cannot share a point. Equation (6.3)
lets us to interpret T (C) as a ’t Hooft-like loop for TMYM theory.
Working with the holomorphic polarization leads to the same problem we had in the pure CS
case. Az and A˜z are derivatives with respect to A˜z¯ andAz¯. This makes the path ordered exponential
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very complicated. To avoid this problem, we use a similar technique: Instead of using the tradi-
tional Wilson loop, we will calculate the expectation value of two loop operators that we define by
Tr U(x, x, C) and Tr U˜(x, x, C) or
WR(C) = TrR P e
− ∮
c
(Azdz+Az¯dz¯)
and TR(C) = TrR P e
− ∮
c
(A˜zdz+A˜z¯dz¯)
. (6.4)
Once again these can be written in terms of WZW currents −∂z¯NN−1, −∂zNN−1, −∂z¯N †N †−1
and −∂zN †N †−1 as
WR(C) = TrR P e
∮
c
(∂zNN−1dz+∂z¯NN−1dz¯)
and TR(C) = TrR P e
∮
c
(∂zN†N†−1dz+∂z¯N†N†−1dz¯)
.
(6.5)
These WZW currents are SL(N,C) transformed A and A˜ fields, just like in (3.6).
There is an interesting expectation value that we can calculate;
〈WR1(C1)TR2(C2)〉 =
∫
dµ(A )ψ∗0WR1(C1)TR2(C2)ψ0
=
∫
dµ(N)dµ(N †) e(2cA+
k
2
)
(
SWZW (N)+SWZW (N
†)
)
WR1(C1, N)TR2(C2, N †)
+O(1/m2).
(6.6)
This leads to an equivalence between the observables of CS and TMYM theory in the near CS limit.
WR(C) being only N dependent and TR(C) being only N † dependent lets us to write
〈WR(C)〉TMYM2k = 〈WR(C)〉CSk +O(1/m2), (6.7a)
〈TR(C)〉TMYM2k = 〈WR(C)〉CSk +O(1/m2) (6.7b)
and
〈WR1(C1)TR2(C2)〉TMYM2k =
(
〈WR1(C1)〉CSk
)(
〈WR2(C2)〉CSk
)
+O(1/m2). (6.7c)
To generalize these for n loops, we can write
〈WR1(C1). . .WRn(Cn)〉TMYM2k = 〈WR1(C1). . .WRn(Cn))〉CSk +O(1/m2), (6.8a)
〈TR1(C1). . .TRn(Cn)〉TMYM2k = 〈WR1(C1). . .WRn(Cn))〉CSk +O(1/m2) (6.8b)
and for mixed n Wilson-like and m ’t Hooft-like loops,
〈WR1(C1). . .WRn(Cn)TR′1(C ′1). . .TR′m(C ′m)〉TMYM2k
=
(
〈WR1(C1). . .WRn(Cn)〉CSk
)(
〈WR′1(C ′1). . .WR′m(C ′m)〉CSk
)
+O(1/m2).
(6.8c)
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Although (4.37) is gauge invariant even for odd values of k as we have explained before,
writing WLEVs of TMYM theory in terms of WLEVs of CS theory requires the two split CS
parts to be separately gauge invariant. For this reason, we have used even level numbers on the
left hand side of (6.7) and (6.8). Notice that this gauge invariance issue arose only because we
wanted to arrive to an equivalence between the observables of TMYM and CS theories. Otherwise,
〈WR1(C1)TR2(C2)〉TMYMk is gauge invariant in its own right for all integer values of k.
It seems like the set of equivalences we obtained also work for the case where Σ = S1 × S1.
On a torus, similar to (2.24) TMYM wave-functional becomes
ψ[Az¯, A˜z¯] = exp
[
k
2
(SWZW (V˜ ) + SWZW (V ))
]
Υ(a˜)Υ(a)χ. (6.9)
On the TMYM side, one needs to integrate over V, V˜ , a, a˜ and on the CS side only over V and a.
Although it requires a more careful analysis, (6.8) seem to work on a torus as well. In principle,
there is no reason to expect it to not work on any orientable Σ.
7 Conclusion
We have shown that due to the existence of a mass gap, TMYM theory in the near CS limit is
an almost topological field theory that consists of two copies of CS, similar to the topologically
massive AdS gravity model. One copy is associated with the matrix N and the other with N †, each
with half the level of the original CS term in the TMYM Lagrangian. Separately momentum and
position Hilbert spaces of TMYM theory can be thought of CS Hilbert spaces with half the level.
In the m → ∞ limit, where N = N † = H , these two CS theories add up to give one CS with the
original level number k, as
e
k
2
(
SWZW (N)+SWZW (N
†)
)
m→∞−→ ekSWZW (H). (7.1)
Although the integrand behaves well as m → ∞, this limit is delicate for the integral measure.
Studying large values of m does not cause any problem, but taking it to infinity reduces the phase
space dimension from four to two, thus a change in the integral measure becomes necessary. Ex-
cept for this phase space reduction, dropping the tilde symbol gives the correct CS limit in our
calculations. In this limit, the metric of space of gauge potentials reduces as
ds2A = −4
∫
Tr(δA˜z¯δAz + δAz¯δA˜z)
m→∞−→ ds2A = −8
∫
Tr(δAz¯δAz). (7.2)
For the left hand side of (7.2), the measure is given by (4.33) while for the right hand side, it is
given by (2.18). Thus, the measure needs to be replaced with (2.18) in the pure CS limit. Although
this reduction occurs beautifully in the metric, the volume (4.33) does not automatically reduce to
(2.18) in our notation. Not switching to the correct volume element results in duplicate integration
over H , since in the pure CS limit N = N † = H . This comes from the fact that the phase space of
TMYM theory consists of two CS phase spaces.
A different problem exists for the pure YM limit m → 0. In this case, dimensionality of
the phase space does not change, but since E-fields do not gauge transform like A˜ fields, our
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parametrization and measure do not work. But the main problem with studying the pure YM limit
comes from not knowing the magnetic field contribution in the wave-functional, which becomes the
dominant part in this limit. To get the magnetic field contribution, (4.27) needs to be fully solved
without using the strong coupling limit.
Both of the limits we discussed above cause some problems. It seems that transition from pure
CS to TMYM or pure YM to TMYM is not smooth as one would hope, because of different phase
space geometries. From (4.37), we have learned that transition from pure CS to TMYM requires
splitting of CS into two pieces with half the level. This could have interesting applications in
condensed matter physics.
CS splitting does not seem to appear if one uses the real polarization where ψ = ψ[Az, Az¯].
This can be seen clearly in refs. 13–15. These earlier works study TMYM theory in a perspective
where YM theory is perturbed by a CS term, while our work is exactly the opposite. Ideally, all
polarizations should lead to the same inner product; but in this case, different polarizations create
different mathematical difficulties that force one to focus on certain scales. For TMYM theory,
holomorphic polarization facilitates studies near the CS limit, while the real polarization is suitable
for the near YM limit [33]. The difficulties that arise when using the real polarization can be
summarized as follows. First, Az and Az¯ do not commute in the pure CS limit; the wave-functional
cannot depend on both, at very large distances. This makes it impossible to check the CS limit
of the wave-functional. But in the holomorphic polarization TMYM wave-functional reduces to
CS wave-functional nicely. Second, in the real polarization, the wave functional cannot depend
on E-fields. But in the near CS limit, E-fields dominate and B-fields are negligible. This creates
a difficulty in studying large distances. Since CS splitting occurs at a scale where the first order
E-field contributions are important, it is not surprising to not see this feature in a polarization that
cannot resolve this scale. Similarly, holomorphic polarization is not helpful in studying smaller
scales where B-field contributions are important, since ψ[Az¯, A˜z¯] does not depend on B-fields.
Thus, to study the near CS limit, holomorphic polarization should be chosen. Therefore, our results
cannot be compared [33] with the results of refs. 13–15, since they focus on a different scale where
CS splitting does not occur.
At the end of our calculations, by writing (6.8) we showed that loop operator expectation values
of CS and TMYM theories are related at large distances. The equivalence tells us that expectation
values of both Wilson loops and ’t Hooft loops in TMYM theory are equal to CS Wilson loop
expectation values, up to a change in the level number. A more interesting result is that the expec-
tation value of the product of these loops in TMYM theory is equal to the product of Wilson loop
expectation values in CS theory. These results show that not only in the pure CS limit but also in
the near CS limit, the observables of TMYM theory are link invariants. Both Wilson loops and ’t
Hooft loops can separately form links that satisfy the skein relation (3.2), but a mixed link of these
loops does not, even though it is still a link invariant.
One final important point is that taking k to be a large integer does not seem to cause any
problems in obtaining a topological theory at large distances. This indicates that having a large
level number does not alter the existence of the mass gap in TMYM theory.
16
REFERENCES REFERENCES
Acknowledgements
I am very grateful to Vincent Rodgers and Parameswaran Nair for suggesting this problem and
for their supervision and support. I would like to thank Charles Frohman for his time and for
helping me on knot theory. I thank Brian Hall for his help on geometric quantization. I thank
Edward Witten, Tudor Dimofte and Chris Baesley for helpful comments. I also would like to thank
the entire Diffeomorphisms and Geometry Research Group of the University of Iowa for useful
comments and discussions. Finally, I would like to thank Suzanne Carter, Wade Bloomquist and
Hart Goldman for their interest and early contributions. This work was partially supported by
National Science Foundation grant NSF1067889.
References
[1] E. Witten. Quantum Field Theory and the Jones Polynomial. Communications in Mathematical Physics, 121:351,
1989.
[2] P. Cotta-Ramusino, E. Guadagnini, M. Martellini, and M. Mintchev. Quantum Field Theory and Link Invariants.
Nuclear Physics B, B330:557, 1990.
[3] J.F. Schonfeld. A Mass Term for Three-Dimensional Gauge Fields. Nuclear Physics B, 185:157–171, 1981.
[4] S. Deser, R. Jackiw, and S. Templeton. Topologically Massive Gauge Theories. Annals of Physics, 140:372 –
411, 1982.
[5] S. Deser, R. Jackiw, and S. Templeton. Three-dimensional massive gauge theories. Physical Review Letters,
48:975–978, 1982.
[6] S. Deser and R. Jackiw. ”Self-Duality” of Topologically Massive Gauge Theories. Physics Letters B, 139:371 –
373, 1984.
[7] D. Gonzales and A.N Redlich. A Gauge Invariant Action for (2 + 1)-Dimensional Topologically Massive Yang-
Mills theory. Annals of Physics, 169:104 – 116, 1986.
[8] P.A. Horvathy and C. Nash. Geometric View On Topologically Massive Gauge Theories. Physical Review D,
33(6):1822, 1986.
[9] D. Evens and G. Kunstatter. Hamiltonian Analysis of Topologically Massive Yang-Mills Theory. Physical Review
D, 37:435–440, 1988.
[10] J.M. Martinez-Fernandez and C. Wotzasek. Constrained Quantization of a Topologically Massive Gauge Theory
in (2+1)-Dimensions. Zeitschrift fu¨r Physik C Particles and Fields, 43:305–312, 1989.
[11] G. Giavarini, C.P. Martin, and F. Ruiz Ruiz. Chern-Simons Theory as the Large-Mass Limit of Topologically
Massive Yang-Mills Theory. Nuclear Physics B, 381:222 – 280, 1992.
[12] G. Giavarini, C.P. Martin, and F. Ruiz Ruiz. Abelian Chern-Simons Theory as the Strong Large Mass Limit of
Topologically Massive Abelian Gauge Theory: The Wilson loop. Nuclear Physics B, B412:731–750, 1994.
[13] M. Asorey, S. Carlip, and F. Falceto. Chern-Simons States and Topologically Massive Gauge Theories. Physics
Letters B, 312:477 – 485, 1993.
[14] G. Grignani, G. Semenoff, P. Sodano, and O. Tirkkonen. G/G Models as the Strong Coupling Limit of Topologi-
cally Massive Gauge Theory. Nuclear Physics B, 489:360 – 384, 1997.
[15] D. Karabali, C.-J. Kim, and V.P. Nair. Gauge Invariant Variables and the Yang-Mills-Chern-Simons Theory.
Nuclear Physics B, B566:331–347, 2000.
17
REFERENCES REFERENCES
[16] G. Dunne, A. Kovner, and B. Tekin. Magnetic Symmetries and Vortices in Chern-Simons Theories. Physical
Review D, 63:025009, 2000.
[17] F. Canfora, A. J. Go´mez, S. P. Sorella, and D. Vercauteren. Study of Yang-Mills-Chern-Simons Theory In
Presence of the Gribov Horizon. Annals of Physics, 345:166 – 177, 2014.
[18] V.E.R. Lemes, C. Linhares de Jesus, C.A.G. Sasaki, S.P. Sorella, and L.C.Q.Vilar. A Simple Remark on Three-
Dimensional Gauge Theories. Physics Letters B, B418:324–328, 1998.
[19] V.E.R. Lemes, C. Linhares de Jesus, S.P. Sorella, L.C.Q. Vilar, and O.S. Ventura. Chern-Simons as a Geometrical
Setup for Three-Dimensional Gauge Theories. Physical Review D, D58:045010, 1998.
[20] D. Karabali and V.P. Nair. Gauge Invariance and Mass Gap in (2+1)-Dimensional Yang-Mills Theory. Interna-
tional Journal of Modern Physics A, A12:1161–1172, 1997.
[21] M. Bos and V.P. Nair. Coherent State Quantization of Chern-Simons Theory. International Journal of Modern
Physics A, A5:959, 1990.
[22] V.P. Nair. Quantum Field Theory: A modern perspective. Springer, 2005.
[23] S. Axelrod, S.D. Pietra, and E. Witten. Geometric Quantization of Chern-Simons Gauge Theory. Journal of
Differential Geometry, 33:787–902, 1991.
[24] B. C. Hall. Quantum Theory for Mathematicians. Springer, 2013.
[25] A. Polyakov and P.B. Wiegmann. Theory of Nonabelian Goldstone Bosons In Two Dimensions. Physics Letters
B, 131:121 – 126, 1983.
[26] A.M. Polyakov and P.B. Wiegmann. Goldstone Fields In Two Dimensions With Multivalued actions. Physics
Letters B, 141:223 – 228, 1984.
[27] D. Karabali and V.P. Nair. A Gauge-Invariant Hamiltonian Analysis for Non-Abelian Gauge Theories in (2+1)
Dimensions. Nuclear Physics B, 464:135 – 152, 1996.
[28] D. Karabali, C.-J. Kim, and V.P. Nair. On the Vacuum Wave Function and String Tension of Yang-Mills Theories
In (2+1)-Dimensions. Physics Letters B, B434:103–109, 1998.
[29] A. Quadri. Comments on the Equivalence Between Chern-Simons Theory and Topological Massive Yang-Mills
Theory in 3-D. Journal of High Energy Physics, 0211:030, 2002.
[30] E. Witten. 2+ 1 Dimensional Gravity As An Exactly Soluble System. Nuclear Physics B, 311(1):46–78, 1988.
[31] S. Carlip, S. Deser, A. Waldron, and D.K. Wise. Topologically Massive AdS Gravity. Physics Letters B,
666(3):272 – 276, 2008.
[32] S Carlip, S Deser, A Waldron, and D K Wise. Cosmological Topologically Massive Gravitons and Photons.
Classical and Quantum Gravity, 26(7):075008, 2009.
[33] V.P. Nair. Private communication.
18
